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Abstract
In this work, we recall the definition of Hopf’s invariants given by Ganea and we define a Hopf
invariant adapted to a cone decomposition of a space. As Berstein and Hilton did, we apply it for the
computation of the weak category of Lusternik and Schnirelmann of a space. An example provided
by the cellular decomposition of Sp(3) shows the efficiency of this method.  2001 Elsevier Science
B.V. All rights reserved.
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The LS category of a space X, catX, has been introduced by Lusternik and Schnirel-
mann [10], in 1934, to get a lower bound for the number of critical points of a smooth
map defined on a closed manifold without boundary. It’s a homotopic invariant is hard to
compute; moreover, the determination of its behaviour after attaching a cell is still open
(see [7,9] for the main properties of the LS category).
With some restrictions on the dimension and the connectivity, the Hopf invariant
introduced by Berstein and Hilton [1] characterizes the attaching map Sr−1 → X for
which one has catX < cat(X ∪ er). In particular, this invariant is well adapted to the
determination of the LS category of a CW-complex with two cells. Here, we take up
Berstein and Hilton’s procedure using the Hopf invariant associated to a cofibration
(Ganea [5]) and get an invariant which fits with a cone decomposition. For instance,
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we prove that the reduced diagonal factorises via a crude invariant (Corollary 2.7). The
advantage of this method is that practical computations can be done with an EHP sequence,
as we show with an example based on the cellular structure of Sp(3) (Theorem 3.3).
As usual, for a CW-complex X, we denote by X(k) its k-skeleton. For two maps f , g,
we write f ∼ g if they are homotopic and for two spaces X, Y we write X  Y if X and Y
have the same homotopy type.
Recall [3] some classical constructions, notations and results:
– For two spaces A and B let jA,B :AB → A ∨ B be the homotopy fibre of the
canonical injection j∨A,B :A ∨ B → A× B . The space AB has the homotopy type
of
∑
ΩA∧ΩB.
– The canonical projection on the reduced product A × B → A ∧ B provides a map
θA,B :AB→Ω(A∧B).
– The fibration Ω(AB)
Ω(j

A,B )−−−→Ω(A∨B) Ω(j
∨
A,B )−−−→Ω(A×B) is trivial. There exist two
maps TA,B :Ω(A∨B)→Ω(AB) and SA,B :Ω(A×B)→Ω(A∨B) such that:{
Ω(j∨A,B) ◦ SA,B ∼ id; TA,B ◦Ω(jA,B)∼ id;
Ω(j

A,B) ◦ TA,B + SA,B ◦Ω(j∨A,B)∼ id.
1. Hopf–Ganea invariant of a cofibration
The notion of Hopf invariant has been generalised in many directions. Here, we use the
Hopf invariant of a cofibration as it was introduced by Ganea and we call them “Hopf–
Ganea invariants”. In this section, we recall their definition and principal properties.
Let (C), L f−→M ρ−→ N, be a fixed cofibration. Consider ι :F →M the homotopy
fibre of ρ, E :L→ F the lifting map [3, §3] of f :L→M , ∂ :ΩN → F the connecting
map of the fibration F ι−→ M ρ−→ N , σ :N → N ∨ ΣL the co-operation of the
cofibration (C) and δ :N →ΣL its connecting map.
ΩN
∂
F
ι
N ∨ΣL
L
E
f
M
ρ
N
σ
δ
ΣL
Definition 1.1. Let ϕ :ΣA→ N be a map of adjoint ϕa :A→ΩN . The C-Hopf–Ganea
invariant of ϕ is the map HC(ϕ) :ΣA→NΣL whose adjoint is the composition
A
ϕa−−→Ω(N) Ω(σ)−−→Ω(N ∨ΣL) TN,ΣL−−−→Ω(NΣL).
The C-Hopf–Ganea crude invariant of ϕ is the map HC(ϕ) :Σ2A→ N ∧ ΣL whose
adjoint is the composition
ΣA
HC(ϕ)−−→NΣL θN,ΣL−−−→Ω(N ∧ΣL).
L. Fernández-Suárez et al. / Topology and its Applications 115 (2001) 305–316 307
Recall that the space Ω(NΣL) has the homotopy type of the homotopy pull-back of
the two canonical injections jN :N → N ∨ ΣL and jΣL :ΣL→ N ∨ ΣL. Denote by
H˜C :F → Ω(NΣL) the induced map between the homotopy pull-backs (the “whisker
map” in [11, p. 231]).
Lemma 1.2. With the previous notations, the map H˜C :F →Ω(NΣL) is related to the
Hopf–Ganea invariant by H˜C ◦ ∂ ∼ TN,ΣL ◦Ω(σ)
Proof. Consider the following homotopical commutative diagrams:
ΩN
Ω(σ)
∗ ΩN
∂
∗
∗ N
σ
∗ N
Ω(N ∨ΣL)
TN,ΣL
∗ F
H˜C
M
∗ N ∨ΣL ∗ N
σΩ(NΣL) N
jN
Ω(NΣL) N
jN
ΣL
jΣL
N ∨ΣL ΣL jΣL N ∨ΣL
where the dotted arrows are whisker maps. In each of these diagrams we can choose the
same homotopies for the top, front, bottom and right faces. The result comes from the
uniqueness, up to homotopy, of the whisker map [11]. ✷
As in the original setting, the Hopf–Ganea invariant appears in a long exact sequence
called “EHP sequence”:
Theorem 1.3 [3,16]. Let (C), L f−→M ρ−→ N, be a cofibration and suppose that L is
(r − 1)-connected and the map f is p-connected. Then there exists a long exact sequence
starting at n0 = p+ 2r − 2:
πn0(L)
E−→ πn0(F )
H˜C−→ πn0
(
Ω(NΣL)
)−→ · · ·
· · · −→ πk(L) E−→ πk(F ) H˜C−→ πk
(
Ω(NΣL)
)−→ πk−1(L)−→ · · · .
2. Hopf–Ganea invariant relative to a cone decomposition and weak LS category
In this paragraph, we prove that the Hopf–Ganea crude invariant allows the study of the
weak category of a space X equipped with a cone decomposition.
For any space X, set ∧1X =X and ∧jX =X ∧∧j−1X, for j  2. Let ∆j :X→×jX
be the diagonal of X and denote by ∆˜j :X→X ×∧j−1X (respectively ∆j :X→∧jX)
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the composite of ∆j with the projection×jX→X×∧j−1X (respectively×jX→∧jX).
The map ∆j is called the reduced diagonal.
Definition 2.1 [1]. The space X has weak category less than or equal to j if ∆j+1 is
homotopically trivial. We denote by wcatX the weak category of X.
Theorem 2.2. Let (C), L f−→M ρ−→ N , be a homotopic cofibration, let δ :N −→ ΣL
and σ :N −→ N ∨ΣL be its connecting map and its co-operation respectively. Suppose
that there exists a commutative diagram, up to homotopy
N
δ
∆j ∧jN
ΣL
µ
Then for any cofibration ΣA ϕ−→ N ψ−→ Y there exist two commutative diagrams, up to
homotopy:
ΣA
HC(ϕ)
NΣL
Nµ
N(∧jN)
ψj
ΣA
ϕ
N
σj
Y ∨ (∧jY )
Y
∆˜j+1
Y × (∧jY )
Y
δ
∆j+1 ∧j+1Y
Σ2A
HC(ϕ)
N ∧ΣL
ψ∧((∧jψ)◦µ)
where ψj = (ψ ∨ (∧jψ)) ◦ jN,∧j N and σj = (ψ ∨ (∧jψ)) ◦ (N ∨µ) ◦ σ .
We will use these factorizations inductively along a decomposition of a space in
cofibrations:
Definition 2.3. A cone decomposition for a space X is a sequence of cofibrations
(C1) :A1 f1−→ ∗ ρ1−→ X1 = ΣA1, (Ck) :ΣAk fk−→ Xk−1 ρk−→ Xk , 2  k  n, such that Xn
and X have the same homotopy type. For k  2, denote by H(fk) the Ck−1-Hopf–Ganea
invariant of fk and by H(fk) the crude invariant relative to (Ck−1).
Definition 2.4 [2,4]. The strong category of a space Y , Cat(Y ), is less than or equal to n
if Y has the homotopy type of a space X equipped with a cone decomposition (Ck)1kn.
Remark 2.5 [1,2,4]. Note that weak category and strong category are related to LS
category by: wcatX  catX CatX.
Definition 2.6. The crude Hopf–Ganea invariant relative to a cone decomposition,
(Ck)1kn, ofX is the mapHn :Σ2An→Xn−1 defined inductively byX1 =ΣA1∧ΣA1,
H 2 =H(f2) and Xk−1 =Xk−1 ∧Xk−2, Hk = (Xk−1 ∧Hk−1) ◦H(fk).
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The map Hn is related to weak category of Xn by:
Corollary 2.7. Let X be a space with a cone decomposition (Ck)1kn. The reduced
diagonal can be factorized up to homotopy through the crude Hopf–Ganea invariant
relative to this cone decomposition as:
Xn
∆n ∧nXn
Σ2An
Hn
Xn−1
In particular, if Hn is homotopically trivial, then wcat(X) n− 1.
The corollary is a direct consequence of the theorem by induction starting from the
cofibration (C), L=A1 f−→∗ ρ−→ΣA1, and the homotopy commutative diagram:
ΣA1
δ
∆1
ΣA1
ΣA1
µ
where δ, ∆1 and µ are the identity of ΣA1.
We may remark that if Y = Sn ∪α ep+1 is a 2-cone, the map HC(α) :Sp+1 → Sn ∧ Sn
arising in the statement of Theorem 2.2 is exactly the crude Hopf–invariant of α, as defined
by Berstein and Hilton.
Proof of Theorem 2.2.
• First, we deduce the commutativity of the right diagram from the commutativity of the
left one: consider the following commutative diagram (up to homotopy):
ΣA
j

N,ΣL◦HC(ϕ)
ϕ
N ∨ΣL
ψ∨((∧jψ)◦µ)
N
σj
Y ∨ (∧jY )
∗ N ×ΣL
ψ×((∧jψ)◦µ)
Y
∆˜j+1
Y × (∧j Y )
From the decomposition of σj ◦ ϕ through the Hopf–Ganea invariant, one gets a
commutative square (up to homotopy) between the homotopy cofibres of vertical arrows:
Σ2A
HC(ϕ)
N ∧ΣL
ψ∧((∧jψ)◦µ)
Σ2A Y ∧ (∧j Y )
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The composition on the left by the connecting map δ :Y −→Σ2A gives us the conclusion:
Y
∆j+1
δ
Y ∧ (∧j Y )
Σ2A
HC (ϕ)
N ∧ΣL
• We have now to prove the commutativity, up to homotopy, of the left diagram. First,
we remark the commutativity of
N
σ
N ∨ΣLN∨µ N ∨ (∧jN) Y ∨ (∧j Y )
j∨
Y,∧j Y
N
(N,∆j )
N × (∧jN) Y × (∧jY )
which implies the commutativity (up to homotopy) of
N
σj
ψ
Y ∨ (∧jY )
j∨
Y,∧j Y
Y
∆˜j+1
Y × (∧jY )
By looking at its value on each factor of Y × (∧j Y ) one remarks that j∨
Y,∧j Y ◦ σj ◦ ϕ is
homotopically trivial. Therefore, one has:
Ω(σj ) ◦Ω(ϕ) ∼
(
Ω
(
j

Y,∧j Y
) ◦ TY,∧j Y + SY,∧j Y ◦Ω(j∨Y,∧j Y )) ◦Ω(σj ) ◦Ω(ϕ)
∼ Ω(j
Y,∧j Y
) ◦ TY,∧j Y ◦Ω(σj) ◦Ω(ϕ).
Now, it’s easy to check that:
ΣA
HC(ϕ)NΣL Nµ N(∧jN) ψj Y ∨ (∧j Y )
and
ΣA
ϕ
N
σj
Y ∨ (∧jY )
have the same adjoint: Ω(j
Y,∧j Y ) ◦ TY,∧j Y ◦Ω(σj ) ◦ ϕa ∼ Ω(σj ) ◦ ϕa , where ϕa is the
adjoint of ϕ. ✷
3. Primitive spaces for Sp(3)
We apply the previous results to the study of certain spaces with 3 cells arising from the
CW-structure of Sp(3). For the homotopy groups of spheres and their generators, we use
the notations and results of [15].
Recall [13] that the symplectic group Sp(3) admits as cellular decomposition:
Sp(3)= S3 ∪ω′ e7 ∪γ e10 ∪ϕ e11 ∪ e14 ∪ e18 ∪ e21,
where ω′ is the Blackers–Massey generator of π6(S3) = Z12 and the attaching map ϕ is
a generator of π10(Sp(2)) = Z120 whose composition with the fibre map Sp(2) −→ S7
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gives ν7 ∈ π10(S7). First of all, we note that the cell e11 can be attached directly on
C := S3 ∪ω′ e7:
Proposition 3.1. Let ψ :S10 −→ C = S3 ∪ω′ e7 be a map whose composition with the
canonical injection ι :C ↪→ Sp(2) is the generator ϕ of π10(Sp(2)) quoted above. Then the
11-skeleton Sp(3)(11) of Sp(3) admits as cellular decomposition
Sp(3)(11) = S3 ∪ω′ e7 ∪ψ e11 ∪γ e10.
Definition 3.2. If ψ :S10 −→ C is as in the Proposition 3.1, we call S3 ∪ω′ e7 ∪ψ e11 a
primitive space of Sp(3).
We may determine these primitive spaces from the homotopy group π10(C)= Z120⊕Z2
(cf. Lemma 3.5).
Theorem 3.3.
(1) There are two homotopy types of primitive spaces of Sp(3) :PSp(3)= S3 ∪ω′ e7 ∪ψ
e11 and P ′Sp(3)= S3 ∪ω′ e7 ∪ψ ′ e11, where ψ lies in the component Z120 and ψ ′ is
a perturbation of ψ involving the component Z2.
(2) The space P ′Sp(3) has weak category equal to 3. The space PSp(3) has a cone
decomposition of length 2:
S6 ∪ν6 e10
φ→ S3 → PSp(3).
Remark 3.4. Recall that the quasiprojective space QSp(3) defined in [8] admits a cell
decomposition as: S3 ∪ω′ e7 ∪ e11. From [8] we know that the composite of the attaching
map of the top cell of QSp(3) with the inclusion QSp(2) = S3 ∪ω′ e7 → Sp(2) is the
attaching map of the 11-cell of Sp(3). Therefore one of these two spaces is QSp(3) but
we can’t determine which.
The end of this section is devoted to the proofs of Proposition 3.1 and Theorem 3.3. First
of all, we need to compute the first homotopy groups of C = S3 ∪ω′ e7:
Lemma 3.5. The space C = S3 ∪ω′ e7 has the following homotopy groups: π7(C) = Z,
π8(C)= 0, π9(C)= Z, π10(C)= Z8 ⊕Z2 ⊕Z3 ⊕Z5.
Proof. Let F be the homotopy fibre of the pinch map C→ S7. Since Whitehead products
cancel out on S3, we know that [6, Corollary 5.8] the 14-skeleton of F has a cellular
decomposition F (14)  S3 ∨ S9. Write now the homotopy long exact sequence of the
fibration F →C→ S7:
0 → π10(F )= Z3 ⊕Z5 ⊕Z2 → π10(C)→ π10(S7)= Z3 ⊕Z8
∂
0
10→ π9(F )= Z⊕Z3
→ π9(C)→ π9(S7)= Z2
∂
0
9→ π8(F )= Z2 → π8(C)→ π8(S7)= Z2
∂
0
8→ π7(F )= Z2 → π7(C)→ π7(S7)= Z
∂
0
7→ π6(F )= Z12 → 0.
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We can determine the connecting maps: ∂07(ι7)= ω′; ∂08(η7)= ω′ ◦ η6 = ν′ ◦ η6; ∂09(η27)=
ω′ ◦ η26 = ν′ ◦ η26; ∂010(α1(7))= ω′ ◦ α1(6)= α1(3) ◦ α1(6).
The elements ν′ ◦ η6, ν′ ◦ η26, α1(3) ◦ α1(6) are, respectively, the generators of π7(S3),
π8(S3) and π9(S3) [15, pp. 43, 44, 179]. Then, we get the result for πk(C), k  9. We have
also π10(C;3)= Z3, π10(C;5)= Z5 and a short exact sequence 0→ Z2 → π10(C;2)→
Z8 → 0. (For the groups π7(C) and π8(C), we find again the computations of [12]).
To determine this last extension, we need to consider the homotopy fibre F of
S3 → C. The map S3 → C is the cofibre of ω′ :S6 → S3. Since [5] ΣF  Σ(ΩC ×
S6/ΩC) (Σ7ΩC)∨ S7 we have ΣF (12)  S7 ∨ S9 ∨ S11. Looking to the homological
decomposition of F , we obtain F (11)  S6 ∪ψ1 e8 ∪ψ2 e10, with Σψ1 ∼ ∗ and Σψ2 ∼ ∗,
that implies F (11)  S6∨S8∨S10. From the homotopy long exact sequence of F → S3 →
C:
π10(F ) = Z2 ⊕Z→ π10(S3)= Z3 ⊕Z5 → π10(C)→ π9(F )= Z8 ⊕Z3 ⊕Z2
→ π9(S3)= Z3 → π9(C)= Z,
we deduce π10(C;2)= Z8 ⊕Z2. ✷
Proof of Proposition 3.1. Let j : F˜ −→ C be the homotopy fibre of the inclusion ι :C ↪→
Sp(2). We have F˜ (11)  S9∪e11, and so the homotopy long exact sequence of this fibration
looks like
π10(S
9 ∪ e11)→ π10(C)= Z120 ⊕Z2 → π10(Sp(2))= Z120 → π10(S10)= Z.
Then, π10(ι) is surjective. We can also deduce that π10(S9 ∪ e11)= Z2, which implies
F˜ (11)  S9 ∨ S11.
Let ψ ∈ π10(C) be a lift of ϕ ∈ π10(Sp(2)) and (γ,ψ) :S9 ∨ S10 → C = S3 ∪ω′ e7 the
induced map by γ :S9 −→C and ψ :S10 −→C. The cofibre X S3 ∪ω′ e7∪ψ e11 ∪γ e10
of (γ,ψ) has the homotopy type of Sp(3)(11), as shows the following diagram:
S9 ∨ S10
(γ ,ψ)
S10
ϕ
ΣS9
S3 ∪ω′ e7 Sp(2) ΣS9
X Sp(3)(11) ∗
constructed by taking the cofibre maps. ✷
The proof of Theorem 3.3 needs the determination of the Hopf–Ganea invariants of ψ
and ψ ′:
Lemma 3.6. Consider the cofibration (C), S6 ω
′−−−→ S3 → C = S3 ∪ω′ e7. The map
ψ :S10 → C has a C-Hopf–Ganea invariant trivial. For the map ψ ′ :S10 → C, one has
HC(ψ ′)= η9 ∈ π10(S9)= π10(CΣS6) and HC(ψ ′)= η10 ∈ π11(S10)= π11(C ∧ΣS6).
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Proof of Lemma 3.6. Consider again the homotopy fibre F of S3 → C. We know that
(cf. proof of Lemma 3.5) F (11)  S6 ∨ S8 ∨ S10. The 11-skeleton of Q :=Ω(CΣS6)
ΩΣ(ΩC ∧ΩΣS6) is Q(11)  S8 ∨ S10. The EHP-sequence of the cofibration (C) starts
in n0 = p+ 2r − 2 with r = 6, p = 2, that is n0 = 12:
0 → π10(F )= Z2 ⊕Z→ π10(Q)= Z2 ⊕Z→ π9(S6)= Z8 ⊕Z3
→ π9(F )= Z8 ⊕Z3 ⊕Z2 → π9(Q)= Z2 → π8(S6)= Z2 → π8(F )= Z2 ⊕Z
→ π8(Q)= Z→ π7(S6)= Z2 → π7(F )= Z2 → 0.
A classical argument provides us with a short exact sequence:
0→ π9(S6)= Z8 ⊕Z3 E−−→ π9(F )= Z8 ⊕Z3 ⊕Z2 H˜C−−→ π9(Q)= Z2 → 0.
Remark that the restriction of H˜C to the p-component of π9(F ) is zero if p > 2. For
p = 2, with the identification between π10(C;2) and π9(F ;2) (cf. proof of Lemma 3.5)
one has H˜C(∂ ◦ψ)= 0.
Denote by η˜ ∈ π9(F ), the composition S9 η8−→ S8 ↪→ F (11) = S6 ∨ S8 ∨ S10. With
the definition of ψ ′, one has H˜C(∂ ◦ ψ ′) = H˜C (˜η) = η8 ∈ π9(Q) = π9(S8). Therefore
HC(ψ ′) = η9 ∈ π10(S9) = π10(CΣS6) and H C(ψ ′) = η10 ∈ π11(S10) = π11(C ∧
ΣS6). ✷
Proof of Theorem 3.3. (1) The first statement follows directly from the fact that the
canonical injection ι :C −→ Sp(2) induces a surjection:
π10(C)= Z120 ⊕Z2 −→ π10
(
Sp(2)
)= Z120.
(2) (a) From the Corollary 2.7 one deduces the existence of a factorization of the reduced
diagonal of P ′Sp(3):
P ′Sp(3) ∆3
δ3
P ′Sp(3)∧P ′Sp(3)∧P ′Sp(3)
S11
H 3
C ∧ S3 ∧ S3
which can be reduced to:
P ′Sp(3) ∆3
δ3
S9
S11
η9◦η10
S9
id
If ∆3 is trivial then η9 ◦ η10 factorises via a CW-complex of dimension 8, since this is
impossible we get wcat(P ′Sp(3))= 3.
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(b) The composite of ω′ :S6 −→ S3 with the generator ν6 :S9 −→ S6 is trivial, then we
can consider the following commutative diagram, obtained by taking the cofibres of the
top-left square and induced maps:
S9
ν6
∗ S10
ψ
S6
ω′
S3
ρ1
C = S3 ∪ω′ e7
S6 ∪ν6 e10
φ
S3 Y
Note that the composite of ψ :S10 → C with the connecting map C −→ S7 of the
cofibration induced by ω′ is the generator ν7 of π10(S7) = Z8. Since this property
characterises the 2-component of ϕ :S10 −→ Sp(2) the element ϕ − (ι ◦ ψ) lives in
π10(Sp(2);3) ⊕ π10(Sp(2);5). Recall that these primary components are isomorphic to
π10(C;3)⊕π10(C;5) and that (cf. proof of Lemma 3.6) any map in π10(C;3)⊕π10(C;5)
factorises via ρ1 :S3 → C. So, there exists α ∈ π10(S3;3) ⊕ π10(S3;5) such that ϕ =
(ι ◦ψ)+ (ι ◦ ρ1 ◦ α).
The space Y of the previous diagram can be described as a cofibre in two ways(
S3 ∪ω′ e7
)∪ψ e11  S3 ∪φ C(S6 ∪ν6 e10).
This well-known fact comes from the existence of a homotopy push-out:
S6 ∪ν6 e10 φ
δ
S3
ρ1
S10
ψ
S3 ∪ω′ e7
where δ is the connecting map of the cofibration S9 −→ S6 −→ S6 ∪ν6 e10. Since δ is a
suspension we can modify φ and ψ as:
• φ˜ = φ + (α ◦ δ),
• ψ˜ =ψ + (ρ1 ◦ α).
Remark that ψ˜ :S10 −→ C is a lifting of ϕ :S10 −→ Sp(2) through the inclusion map
ι :C ↪→ Sp(2).
Now, consider the following diagram, homotopically commutative:
S6 S6 ∪ν6 e10
φ
δ
S3
ρ1
S6 S6 ∪ν6 e10
φ˜
δ
S3
ρ1∗ S10 ψ¯ S3 ∪ω′ e7
∗ S10 ψ˜ S3 ∪ω′ e7
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The back face is a homotopy push-out and the homotopies are compatible. The maps from
the back face to the front face are homotopy equivalences. Therefore [11] the front face is a
homotopy push-out. Since left-square is also a homotopy push-out, we get a new homotopy
push-out:
S6 ∪ν6 e10 φ˜
δ
S3
δ
S10
ψ˜
S3 ∪ω′ e7
The map induced between the cofibres of φ˜ and ψ˜ is a homotopy equivalence and we have:
S3 ∪φ˜ C
(
S6 ∪ν6 e10
) S3 ∪ω′ e7 ∪ψ˜ e11.
Moreover, the lift ψ˜ is ψ because in the part (a) we prove that the primitive space
obtained by ψ ′ is of weak category 3 and it cannot have a cone decomposition of length 2
(cf. Remark 2.5). ✷
As a final remark, note that this method gives an alternative short proof of the fact that
Sp(2) is of LS category 3 [14]. We leave it to the reader.
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